A conceptually simpler proof of the separability criterion for two-qubit systems, which is referred to as "Hefei inequality" in literature, is presented. This inequality gives a necessary and sufficient separability criterion for any mixed two-qubit system unlike the Bell-CHSH inequality that cannot test the mixed-states such as the Werner state when regarded as a separability criterion. The original derivation of this inequality emphasized the uncertainty relation of complementary observables, but we show that the uncertainty relation does not play any role in the actual derivation and the Peres-Hodrodecki condition is solely responsible for the inequality. Our derivation, which contains technically novel aspects such as an analogy to the Dirac equation, sheds light on this inequality and on the fundamental issue to what extent the uncertainty relation can provide a test of entanglement. This separability criterion is illustrated for an exact treatment of the Werner state.
I. INTRODUCTION
The study of entanglement and nonlocality in two-qubit systems is the most fundamental as is witnessed by the recent beautiful experimental tests of local realism [1] [2] [3] [4] . It appears that the test of local realism in the sense of the Bell-CHSH inequality [5, 6] has been completed. Here we adopt a view that the Bell-CHSH inequality is useful as a criterion of quantum mechanical entanglement also [7] , and it provides a kind of the norm to which any proposed separability criterions should be compared. We do not subscribe to a view that the role of Bell-CHSH inequality is finished once it is convincingly denied by experiments. As for the test of non-contextual hidden-variables models, which provided a basis for the Bell-CHSH inequality, those models have been mostly negated by the absence of reduction and thus causing generalized Hardy-type paradoxes; see, for example, [8] and references therein.
It may now be a good occasion to re-examine various separability criterions proposed in the past as tests of entanglement. The separability criterions for two-qubit systems have been well studied, and a comparison of various theoretical proposals has been made, for example, in Ref. [7] . Among various criterions proposed in the past, the algebraic condition proposed in [9] , which is referred to as "Hefei inequality" in [7] , provides a necessary and sufficient separability criterion for any mixed state and thus interesting in view of the fact that the Bell-CHSH inequality [5, 6] cannot test general mixed states such as the Werner state [10] . The logical structure of the original derivation of the inequality in [9] is, however, somewhat misleading. The purpose of the present paper is to show a conceptually simpler derivation of the inequality. To be explicit, we show that the uncertainty relations of complementary observables do not play any role in the derivation, although the original derivation emphasized the uncertainty relations as is indicated by its title "Comprehensive Test of Entanglement for Two-Level Systems via the Indeterminancy Relationship" [9] . The discussion of the uncertainty relations introduces unnecessary complications in the analysis. We can thus avoid the technical issue, "It turns out that the orientation of the local testing observables plays a crucial role in our perfect detection of entanglement" as is stated in Abstract of [9] . Simply stated, the Peres-Horodecki criterion is shown to be solely responsible for their inequality, and the uncertainty relations cannot be alternative to the Peres-Horodecki criterion in the analysis of entanglement for general two-qubit systems.
II. DERIVATION
Our starting point is the fact that the general pure two-qubit states are brought to the standard form by the Schmidt decomposition
with
and real numbers s 2 1 + s 2 2 = 1. Namely, the states are parametrized by s 1 , s 2 and two unitary matrices u and v. In our analysis, we use
with an additional δ for technical convenience. These states are characterized by chiralities defined by the projection operators,
by defining the variables for two-qubit systems [9] ,
for two sets of Pauli matrices {σ k } and {τ k } using unitary transformations u ⊗ v in (3). We then have, for example, A 1 A 2 = iA 3 . Those operators satisfy,
and thus we have
The important property is that any pure two-qubit state is written as an eigenstate of the suitably chosen P − , which simplifies the classification of pure two-qubit states. We start with a general pure state |Φ Φ| which satisfies, as above,
We then expand the state |Φ Φ| into a complete set of 4 × 4 Dirac matrices
[γ µ , γ ν ], γ 5 }, and impose the condition P − |Φ Φ|P − = |Φ Φ| for the expansion coefficients. By this way we arrive at the expression
with real numbers a k because of the hermiticity of |Φ Φ|.
Here we explicitly defined
which satisfy the defining relations of Dirac matrices,
with g µν = (1, −1, −1, −1). We also have
which satisfy {γ 5 , γ µ } = 0 and, for example, [γ 5 , γ 1 γ 0 ] = 0; the first relation of (14) shows that the definition of γ 5 in (5) is consistent with the relativistic definition. We note that
and thus iγ k γ 0
)ǫ klm γ l γ m P − ; for this reason we do not have the terms with ( 
The pure state condition
Using two angles θ and ϕ, we thus choose
We then have the relations
for example. It is interesting that ρ is the operator on the left-hand side of (20) while ρ is the state on the right-hand side. The positivity of the "partially transposed density matrix"
for the original ρ = ijkl P ij kl |i j|⊗|k l|, which gives a necessary and sufficient separability condition for d = 2 × 2 systems [11] , is defined here by "partially time reversed state", τ 2 ρ T B τ 2 , for operational simplicity [9] . We then use
and
together with the definitions in (12) to derive the second relation in (20). The positivity condition (Peres-Horodecki condition) of ρ and τ 2 ρ T B τ 2 for any pure state |Φ Φ|,
then implies the inequalities (separability criterion)
by noting
Tr{|Φ Φ|ρ} (27)
where we used the general formula of trigonometric functions A cos ϕ+B sin ϕ = √ A 2 + B 2 cos(ϕ+β) with suitable β in (20) to derive (27); the conditions (25) should hold for any ϕ and θ with fixed α and β. For the case of the first relation in (20) with P = P − , one obtains the first relation of (26) by choosing cos(θ + α) = −1 and cos 2 (ϕ + β) = 1 in (27). Similarly one obtains the second relation in (26) from (20). The relations (20) are equalities and thus those conditions (26), if imposed for any u and v, provide a necessary and sufficient separability condition. We mention that the information about the explicit parametrization of the initial state in (3) is lost after this operation of extremalizing the expression except for P − |Ψ = |Ψ . Note also that P ρ ≥ 0 because P = P 2 . It is interesting that the first relation in (26) formally states that the 4-vector γ µ γ 0 P − ρ is a time-like vector. The 4-dimensional Dirac notation is used in the present analysis just to make the counting of all the possible terms in the expansion (19) straightforward and that the Peres-Horodecki condition is neatly expressed by the chiral projection operators P ± . The Peres-Horodecki condition changes the projection operator P − in the first relation of (26), which always holds in quantum mechanics, to P + in two of the terms in the second relation. If one changes all P − to P + , one obtains another relation which always holds; this new relation is derived by starting with the Schmidt
The relations in (26) corespond to the separability criterions of Ref. [9] . It should however be emphasized that we never refer to uncertainty relations of complementary local observables in our derivation of (26), unlike the original derivation which follows the idea "A 3-setting Bell-type inequality enforced by the indeterminancy relation of complementary local observables is proposed as an experimental test of 2-qubit entanglement" as is stated in Abstract of [9] . It should be mentioned that the derivation in [9] used the Peres-Horodecki condition also in addition to uncertainty relations. Our relations (26) formally appear to be different from the relations in [9] , since our relations contain one more term on the right-hand side, namely, the last terms. Our relations may thus appear to be stronger than the original relations in [9] , but the actual applications below show that they are practically equivalent. The first relation in (26) should always hold for any sensible positive definite density matrix.
The second relation in (26) provides a separability criterion. For example, for a given pure state ρ = |ψ ψ| with a representation,
the first relation in (26) should always hold, while the second relation can be violated. By choosing arbitrary u and v at u = u 0 and v = v 0 , and noting P + ρ = 0, the second relation in (26) becomes
which generally fails, and in fact, γ 2 γ 0 P − 2 ρ = ψ 0 |σ 2 ⊗ τ 2 |ψ 0 2 is related to the notion of concurrence [12] , and γ 2 γ 0 P − 2 ρ > 0. The state (28) with separable pure states ρ k . It is thus seen that the separability conditions (26) provide a necessary condition for mixed states. Our derivation following Peres and Horodecki shows that the relations (26) also provide a sufficient separability condition for mixed states.
As for the test of the Werner state [10] which is defined by
with the singlet state
one can use the second relation in (26). Namely,
since the two other terms on the right-hand side of the second relation in (26) are positive semidefinite; in fact, they vanish for the Werner state if one sets u = v = 1 in (6) by noting γ 3 γ 0 P + = (A 3 + B 3 )/2 and γ 1 γ 0 P − = (A 2 B 1 − A 1 B 2 )/2, and thus our analysis of the bound on β below is exact. The relation (34) is rewritten as
or more explicitly
which gives
by setting u = v = 1 in (6); 3β is also the upper bound to the operator norm of the right-hand side of (36) for the Werner state (32). We thus conclude that the separability condition of the Werner state is equivalent to
which agrees with the result of a more explicit analysis of ρ w [10] . This in particular implies that β > 1 3
stands for an inseparable state, which is established by (34) without using
; what our precise analysis establishes is that β = (1 − ǫ)/3 with ǫ ≥ 0 gives a separable state. The commonly used value β = 1/2 defines an inseparable Werner state although it satisfies the CHSH inequality [10] . See also Ref. [14] for a discussion of the specific properties of two-photon states, which requires a careful analysis.
III. DISCUSSION
Recent experiments [1] [2] [3] show that the very sophisticated tests of local realism in the sense of Bell-CHSH inequality are now available. The test of entanglement however covers not only the local realism but also the quantum mechanical separability, and thus any inequality which gives a precise criterion for any mixed state is interesting. We re-analyzed one of such inequalities proposed in [9] , and we have shown that the separability conditions in (26) are derived without referring to uncertainty relations for complementary variables which were emphasized in the original derivation [9] . This greatly simplified a logical structure of the derivation. (As for the possible implications of uncertainty relations for a sufficient number of operators, see, for example, [13] ). To be precise, the original derivation in [9] emphasized uncertainty relations of complementary observables as essential ingredients but at the same time used the Peres-Horodecki condition in the actual analysis, while the present derivation clarified the basic conceptual aspect by showing that only the Peres-Horodecki condition is needed. This shows that the uncertainty relations cannot be alternative to the Peres-Horodecki condition in the analysis of entanglemednt for general two-qubit systems.
The practical applications of the separability condition in [9] have been discussed in [7] , and its advantages and disadvantages have been mentioned. A much simplified logical structure of the derivation of inequalities (26), namely, a clear statement of the essential ingredient to derive (26) will make the inequalities useful in practical applications. As a concrete appliction, we mention the recent analysis of entanglement by means of the angular-averaged two-point correlations in two-qubit systems [14] , which can test the Werner state without recourse to the state reconstruction, and the criterion (26) provided very useful information in this analysis. We expect more similar applications in the future. The "Hefei inequality" stands for a rare algebraic criterion that is valid for any mixed state which cannot be tested by the Bell-CHSH inequality in general [5, 6] , as was illustrated by an exact treatment of the Werner state, and it is our opinion that the inequalities in (26) deserve more attention.
In comparison with the criterions of separability of two-qubit systems, we here briefly mention a corresponding test of the separability of systems with two continuous degrees of freedom [15] [16] [17] . In the problem of two-party continuum case with two-dimensional continuous phase space freedom (p, q) in each party as defined by Simon [15] and Duan et al. [16] , it is possible to re-formulate the problem such that [17] ; (i) the uncertainty relation leads to a necessary condition for separable two-party systems, (ii) the derived condition is sufficient to prove the separability of two-party Gaussian systems.
Namely, the uncertainty relation without referring to the Peres-Horodecki criterion [11] provides a necessary and sufficient separability condition for two-party Gaussian systems. Simon [15] formally used the Peres-Horodecki criterion, but an even stronger condition is obtained in the case of continuum from the analysis of Kennard's type uncertainty relations [17] without referring to the Peres-Horodecki criterion. This derivation of the necessary and sufficient condition without referring to the Peres-Horodecki criterion is possible because we concentrate on the case of specific two-party Gaussian systems in [15] [16] [17] . In other words, the genuine use of the Peres-Horodecki criterion for the two-party systems with continuous freedom may give rise to useful separability criterions for more general systems than Gaussian systems.
